RINGS WITH INVOLUTION

BY
S. A. AMITSUR

ABSTRACT

Structure theorems for rings R with involution whose symmetric elements
satisfy a polynomial identity are obtained. In particular, it is shown that such
rings satisfy polynomial identities.

1. Introduction. A ring R is said to be a ring with an involution if there
exists a mapping *: R — R such that for every a,beR:

1) a**=a

2) (a+b)* = b*+a*

3) (ab)* = b*a*.

The symmetric elements of R with respect to the involution (*) is the set
S = {xeR|x*=x}; and the anti-symmetric elements is the set K = {xeR|x*
= —x}.

The problem dealt with in this paper is the question: whether a ring R with
an involution whose symmetric (or antisymmetric) elements satisfy a polynomial
identity—necessarily also satisfies a polynomial identity. This has been shown
to be true for simple rings as well as for semi-prime algebras of characteristic
# 2; moreover, if the identity of S is of degree d then the degree of the identity
of R is £4d. (Martindale [6], Herstein [2], [3]). In section 3 we prove this
result for arbitrary rings (without the bound 4d), and if R is a semi-prime algebra
then the degree of the identity of R is < 2d. By studying the nil subrings of R
we obtain that R/N,(R) satisfy an identity of degree < 2d?, where N,(R) is the
union of all nilpotent ideals of R. From which we conclude that every ring R
of this type satisfies an identity.

2. Nil subsets of R. By a polynomial identity of S we mean a polynomial
p[x4,-++, %] in non-commutative indeterminates x;, for which at least one of
the coefficients of a monomial of highest degree is 1, and which vanishes identi-
cally for all substitutions x; = s;€S. The proof can be extended to more general
identities, following [1], but for the sake of simplicity we restrict ourselves to
the above polynomials. By a process of linearization we can get, and therefore
we assume that p[x] has the form:

(1.1) Plxgsesx2] = xyX3- x4+ Xdgyxy, -+ %,

A
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where (i,,--,i;) ranges over all permutations of (1,2,--,d) different from
identity.

ReMARK A. The property of the vanishing identity for the symmetric elements
may not be invariant under homomorphisms which preserves the involution
since the homomorphic image R/P of R may have more symmetric elements than
those inherited fron R. This is not the case for algebras of over a field of charac-
teristic # 2, since then if r* = r(P) then r*--r = peP is an anti-symmetric
element and hence (r + p/2)* = (r+ p/2) with r+ p/2 = r(mod P). To overcome this
difficulty we require less, and denote by S the set of all the symmetric elements
of the form {a + a*; ab* + ba*,| a,beR}, and K = {a — a*;ab* — ba*} and
assume that this restricted set S satisfies the identity p[x] = 0. For this set S (and
K) it is evident that the set (S + P)/P is the restricted set of symmetric elements
of R/P, and p[x] =0 will vanish also in R/P. We refer henceforth only to the
elements of this subset as to the symmetric elements of R.

We shall consider only identities of the symmetric elements S, but the proof
for the anti-symmetric elements K is similar and suitable remarks of the changes
required in the proofs will be enclosed.

We assume henceforth, that R is a ring with an involution * whose symmetric
elements S satisfy the polynomial p[x] = 0 given in (L.1).

Our first result is:

LemMa 1. Let P be a two-sided ideal in R and let U be a subset of R such
that U* = {u*|ue U} = U and U™<P then U’generates a nilpotent ideal in
R modP.

Proof. Following [1], we consider for k> d the sets
U* 'R, U*'RU, U*"?RU, U*"*RU?, .-,

namely, the sets: Ty;_; = U¥RU"Y Ty, = U*RU’, j = 1,2,--,k. Since
U* = U, it follows that T35~y = To4—j+1y-1» Toy = Ta@- . Consider the sym-
metric elements(!) s;=t,+ 7 where t; is taken arbitrarily from 7;. First note
that 1, RUR if i >j.

For every permutation (i, -+, i) of (1,2,::-,d) we have:

(2.1) s,-‘ . S;z---sid = (til + t:)".(tid + t;:)

* * k
= ;tim) byt L, MO (RU'R)
where the sum ranges over all permutations (iyy**,iza) Of (iy,++,1s) and
r=0,1,--,d. Indeed, since i; <d it follows that t*eT;} = T;, and j;>d,

since we assumed k > d and then for even i, =2j £d, j,=2(k —j) 2 2k—d >d
and for odd i, =2j-12d, j=2k—-j+1)—122k—d>d; this

(1) For the anti-symmetric case we take s; = t;—1].
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implies that t%t, e RU*R for j,>d 2 i, and t}, e T;,. Hence in the expansion
of the left side of (2.1) we get mod RU*R only the terms on the right. Next, we
show that:

.2 si, s, UR = t; -1, U"R(mod RU*R)

where h = d/f2 if d is even, and h = (d + 1)/2 if d is odd. This follows from the
fact that t#U"R < U’RU*"/**R, where i =2j or i = 2j — 1; thus, we always
have k—j+h=k since i<d, and h=d/2 or = (d+1)/2. Finally,
t; -, UR<S RU*R if (i}, i) #(1,2,--,d) since some pair (i,i;,;) must
satisfy i,,, < i, and so t,t, ,, e RU'R.

Hence substituting x; = 5; in p[x] of (1.1) and multiplying on the right by
U"R we get, in view of the preceding remarks, that t,¢, --- t,U'R = p[s1,+",54] U'R
=0(RU*R). If we now let ¢, range over the set T;, we obtain T,T,--- T,U'R
= (U*"'R)'U"*"R < RU*R where 2r' =d if d is even and 2(r' + 1) — 1 =d if
d is odd, and in both cases we conclude that (RU*'R)**! < RU*R if k> d.

Now let U" be the minimal power of U which generates a nilpotent ideal in
RmodP, then r £ m; from the last relation we conclude that r £ d, since if
r>d then (RU""'R)**' < RU'R and therefore RU"~'R will also be nilpotent
mod P.

The preceding lemma will yield

THEOREM 2. The nil radical U(R) of R is equal to the lower radical L(R)
and L(R)’ < N,(R), where N,(R) is the union of all nilpotent ideals of R. Thus
if L{R) =0, then R has no nil ideals.

Let s€ S be a nil symmetric element, then by taking U = (s) in the preceding
lemma and P =0, one obtains that s* generates a nilpotent ideal in R, hence
s?e N,(R) < L(R). Suppose U(R) contains a non zero nilpotent symmetric
element which ¢L(R), then it must contain a symmetric se U(R), s¢ L(R)
such that s? € L(R), then for every x € R, sx+x*s € U(R)(?) is anil and symmetric;
hence Lemma 1 implies that (sx + x*s)? generates a nilpotent ideal in R and it
follows as before that (sx + x*s)’e L(R). Then (sx)**! = (sx + x*s)?sx € L(R),
which means that if (sR + L(R))/L(R) % 0 it is a nil ring of bounded index, hence
if N/L(R) is the sum of all nilpotent ideals T/I(R) in [sR + L(R)]/L(R) then
(sR¥c N ([1]). For every T, TsR will be a right nilpotent ideal mod L(R) hence
TsR < I(R), so that (sR)"*! < L(R). But this implies that s generates a nil-
potent ideal mod L(R) which is impossible since s¢ I(R), and R/L(R) has no
nilpotent ideals. Thus, we conclude that if U(R) # L(R) then S n U(R)< L(R).
In this case, for x € U(R), x+ x* € U(R) since clearly U(R)*=U(R) and, therefore,
x + x*€ L(R); and more generally x*¢ + t*x € L(R), for x € U(R), te R. Choose x
such that x ¢ L(R), x? € L(R) then x*tx =(x*t + t*x)x=0(L(R)) and x = —x*(L(R))

(2) For the non-symmetric case, we take sx — x*s.
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it follows that (xR)? = — x*RxR = 0(L(R)) which is impossible since U(R)/L(R)
has no nilpotent ideals. We conclude, therefore, that U(R) = L(R).

Now let uy,---,u;€ L(R) and consider the finite set U = (uy, -, gty -+, u%)
which satisfies U*=U. By the local nilpotency of IL(R), it follows that
U™ = 0 for some m . It follows now by the preceding lemma that U? generates a
nilpotent ideal, i.e., U< N,(R). In particular, u,u, - u,e N,(R). This being
true for all u;€ L(R), yields that I(R)* = N,(R).

3. Primitive images of R. Let R be an arbitrary ring with an involution,
and let P be a primitive ideal in R such that R/P is an irreducible ring of endo-
morphisms of a vector space ¥V, over a division ring D. Then:

LeMMA 3. One of the following holds for R:

1) R/P has a minimal left ideal.

2) There is a finite dimensional D-subspace W < V, such that the left ideal
L=(0:W) = {rlrW:O}, satisfies L¥< P.

3) For every finite dimensional U < V,and every v¢ U,[S n(0: U)o ¢ U +vD.

Proof. If (3) does not hold, then there exists a finite dimensional U = ¥,
and v¢ U such that [S n(0:U)Jvc U +vD. Let W=U +vD and T =(0:U).
By the density theorem it follows that T # 0 since T contains an element b such
that bU = 0 and bv # 0. Furthermore: if W =¥ then V is finite dimensional
and hence R/P has a minimalleft ideal, and if V # W, then forevery 0 # a €(0: W)
and for every reR, c=(ra)*b + b*(ra) €(0: U)(®) and c is symmetrical. Hence,
it follows by our assumption that (ra)*bv=[(ra)*b + b*(ra)jve W. Thus
a*r*bve W, i.e., a*R(bv) € W, and since bv# 0, we have R(bv)=V so that
a*V <= W. Now if a* ¢ P for some a € (0: W) then it induces a linear transformation
of finite rank, hence R/P has a minimal left ideal ([4], p. 75). Otherwise, a* € P
for every a €(0: W), and condition (2) is valid, as required.

LEMMA 4. IfR is a ring whose symmetric elements satisfy an identity, then
every primitive image R of R has a minimal left ideal.

Proof. Let R = R/P acting on V as in the preceding lemma, and we may
assume that R acts on V. We have to consider only cases (2) and (3): in case (2),
if R has no minimal left ideal, then necessarily (V: D)= oo. Since (W:D) <0,
one can choose w,,w,, -, w; which are D-independent and ¢ W. By the density
theorem, we can choose ¢; € L = (0: W) such that tw; = 0forj # i and t;w; = w;—;
for i = 1,2,---,d, then since t*eP: s; = t; + tf = t;(mod P)\"", so that

0 = p[sy,--,84]ws = Plte> "> ta]Wa

= Ity tgWg = Wo

(3) Or, (ra)*b—>b*(ra) for the anti-symmetric case.
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which is a contradiction, thus (V:D) < o0 and consequently R has a minimal
left ideal.

If case (3) holds, then we can choose we V, and s4,5;~,*,5; €S such that
W, 84W,Sq_ 18aW, =+, 8" Sg 41+ Sgw are D-independent and s;(s;8;4¢--5,w)=0 for
i<j+ 1. Thisis carried out successively. First choose w # 0, then since Sw & wD
by (3) of the preceding lemma with U = 0, we choose s,w ¢ wD, and so independent
of w. Suppose s, -+,s, have been chosen satisfying the above condition, let
U=wD +sWwD + -+ + 5,4 (S 42 5,wD, then since [S Nn(0:U)](5Sksq - 5w)
& U + 535441 s3wD we choose s,_;€S Nn(0:U) such that s,_s;--sw¢U
+ s +--s;wD and this satisfies our requirements. Next we substitute these s; in
p[x] we get 0= p[s;---s,]v = $45,--s,0 # 0 which is a contradiction, and this
completes the proof of the lemma.

We are now ready to prove the first main result:

THEOREM 5. Let R be a ring with an involution whose symmetric elements
S satisfy p[xy,-+,x;] =0 then RIL(R) satisfies an identity of degree <2d;
and R|/N,(R) satisfies an identity of degree <2d?.

Proof. Let V be an irreducible representation of R, and P = {r|rV =0}
the primitive ideal of R. Consider first the case that P* ¢ P (compare with [2]
Lemma 25): the ring R/P contains the ideal (P* + P)/P and for each t,e P*
we have tfeP and therefore

0 = p[t, + 11,1, +13] = p[t;,+-,2,] (mod P),

that is (P* + P)/P satisfies an identity of degree d. Now a non-zero ideal in a
primitive ring is primitive, and a primitive ring which satisfy an identity is a
central simple algebra of dimension n (< [d/2]). Let ¥, be an irreducible re-
presentation of (P* + P)/P, then it is also an irreducible representation of R/P
with the same centralizer, which implies that R/P = Homp(V,,V,) but the latter
is isomorphic with (P* + P)/P; so R/P is also a central simple algebra of di-
mension n < [d/2] over its center. and in particular R/P satisfies the standard
identity S,,[x]=0. (compane with [2], p. 228).

Next consider the case P* = P, where then the involution of R induces an
involution in R/P by setting a* = a* for every acR. Since the symmetric ele-
ments of R satisfies the identity p[x] =0, it will hold also in R/P (remark A),
hence we may assume that R is primitive and it is an irreducible ring of endo-
morphisms of a space V;,. We shall prove first that (VV:D) < d, and this we do
by induction on d:

It follows by Lemma 4 that R contains a minimal left ideal Re which can be
taken to be ¥, and D = eRe. Let e*Re = M, then M # 0 and both e,e* are pri-
mitive idempotent hence M is a one-dimensional D-space. Indeed if v, v, €e*Re
and D-independent then there exist r such that rv, = v,,rv, =0 and clearly we



104 S. A. AMITSUR Israel J. Math,,

can replace r by e*re* e D* which is a division ring, Now for the division ring
D*, rv, = v, implies r # 0 but rv, = 0 yields that » = 0. Impossible! We define
in ¥ = Re a bilinear map: ¥V x V- M by setting (v,,v,) = v}v,. Clearly this
map is bilinear and satisfies (rv;,v,) = (v,,r*v,); (v;,0,d) = (v;,0,)d, d€eRe
and (v,d,v,)=d*(vyv,). It is hermitian in the sense that (v,,v,)* = (v;,v,),
and regular for if (v,¥) =v*¥ =0 then v* =0 and hence v =0.

We prove that (V:D) < d by induction on d: consider first the case that there
exist v€ Re such that (v,0) #0. Letv* = {u|(u,v) =0}, then since M, is one
dimensional it follows that V = vD + v*. Consider the ring Ry = {reR | ro=0,
rot < v*}. Then R§ = R, and R, is an irreducible ring of transformations of v:
Indeed, let rv =0 then for every ueV, 0= (rv,u) = (v,r*u) so that r*V o™
Also for reR,, uev*, 0= (v,ru) = (r*v,u) since rv*<v*. Thus (r*v,v") =0
and (r*v,v) = (v,rv) =0, which implies by the linearity that (r*v,¥) =0 hence
the regularity implies that r*v =0, i.e. r*eR,. Next v* is clearly R,-faithful
but also it is an R-irreducible module: for if u,,u, € v* choose r such that ro =0
and ru, = u,. By the preceding proof it follows that r*Vev*, and since R is a
a primitive ring with a minimal left ideal we can choose r such that r¥ is one
dimensional, so that rV =u,D. Indeed first choose arbitrary r € R by the den-
sity theorem, and then eeR such that eu, = u, and eV =u,D, then er is the
required element. Thus rv =0 and ro* < u,D = v*, ie., reR,. The symmetric
elements of R, will satisfy an identity of degree d—1; for choose x;=s;,
i=1,--,d — 1 arbitrary symmetric elements in R, and s; = urv* 4+ vr*u* for
arbitrary reR, uev* then 0= p[s;,--+,5,Jv = p,[s; - 541 ]ur(v,v) since all
sp=0,i<d—1 and s =ur(v,0) as u*v=(u,0)=0. This being true for all
reR implies p,[s;++s;_,]u =0 for all uev" hence p,[s;-s,-,4]=0. Hence
by induction (v":D)<d—1, but then V =vD + v* yields that (V:D)<d.

The second case where we have for all veV, (v,0)=0 will follow similarly,
but by passing to a ring R, whose symmetric elements satisfy an identity of degree
<d-2.

Here we choose two elements v,,v, such that (v,,v,) % 0 and by assumption
(v,0)=0. Let Vo=v,D+v,D and consider Vi ={u|(v;,u)=0}. Then
V =V, + Vg. The ring R, will now be defined as the set {r|rV5 < Vs,rV, = 0}.
Again R} € Ry, for if reR, for every weV, 0 = (rv;,w) = (v;,r*w) =0 so that
r*V < Vi and 0= (v,,ru) = (r*v,,u) for every ueVy. Thus (r*v;,V) =0 which
yields that r*V, = 0, i.e., r*€R,. Next ¥, is an irreducible Ro-module and R,
acts faithfully on ¥, (i.e., R, primitive). The second assertion is evident, for the
first we choose uy,u,€Vy and reR such that r¥y =0 ru; =u,, and since R
has a minimal left ideal we may take r to be a Lt. of rank 1 namely, rV = u,D,
then r € R, since rVgc u,D < Vi and r¥, = 0.

Apply now the following substitution: for arbitrary ry,r;€R and ue Vo
wesets; = o705 + voriviand s,y = urvy+ vr*u*,s;e Ry for i=1,2,-.,d—2.
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= pls(s+,84]01 = Pols1s*+»84-2]84- 15401

= Polsy +* Sa-2]ura(vav,) ry(v,04).
Indeed, all s;5, = 0 except s;_15, also all s;p; =0, i < d—2, consequently, we have
to consider only the monomials ending with s;_ 5,0y, which proves the pre-
ceding result since (vyv,) =0, and v3v, = (v,v,) this being true for all 7;,r, €R
and since (vyv,)# 0, yields that p[s;,---,s,.,]Ju =0 for every ueV;. Hence
pls1,*,84-2] = 0 in R,. Thus, by induction: (Vy:D)<d—2, as V=V, + V3
it follows, (V:D) < d. The case d = 1,2 are already included in the preceding
proofs, and the induction is completed.

Thus we may assume that R acts on a finite dimensional vector space and so
R = D,. Let C be the center of R, then the involution of R induces an automor-
phism ¢ — ¢ of degree <2 in C, and let C, be the invariant field. Let F< D
be a maximal commutative subfield of D. Consider the ring R@cF =R as
acting on V by setting (r ® «)v = rva. The centralizer of Rin V is then F. De-
fine in R the involution (Zr;® d)* = Zr*®d; then since we took the tensor
product with respect to the invariant field C, this is well defined, since
(re®d)* = (r ® cd))*; and since p[x, - x,] is multilinear, also the symmetric
elements of R satisfy p[x]=0. Now let P=Ker[R— Homg(V, V)], and if
P* & P it follows by the first case of primitive rings that R/P satisfies theidentity
8,4[x]=0, and since R—R/P is an injection on the elements of R it follows that R
satisfies this identity. (This will be the case Cy# C.) If P* < P, then by the second
case of primitive ring it follows that (V: F) < d and, therefore, R isisomorphic with
a subring of Homg(V, V) which satisfy S,,[x] = 0. This concludes the proof for
primitive rings, from which the semi-primitive case follows, since every primitive
homomorphic image of satisfies S,,fx]=0 and R is a subdirect sum of its
primitive images.

The semi-prime case follows now by embedding R in R[{] the ring of poly-
nomials in a commutative indeterminate ¢, and R[¢] is semi-primitive, since
it follows by Theorem 2 that R has no nil ideals.

The final part of the proof of Theorem 5 is the obvious observation that
L(R)* = L(R), for an ideal P is prime if and only if P* is prime and L(R) = N P;
and so R/L(R) is semi-prime satisfying p[x] =0 by remark 4. Thus R/L(R)
satisfies S,,[x] =0, Theorem 2 implies that L(R)*< N,(R) so that we con-
clude that (S,,[x])? = 0 in R/N,(R), and the proof of Theorem 5 is completed.

4, Arbitrary rings.
THEOREM 6. If R is a ring with involution, such that its set S of symmetric

elements satisfies a polynomial identity of degree d, then R satisfies an identity
S2x]17=0 for some m.

Proof. Consider the complete product of the ring R =IIR, where a ranges
over the set R* of all 2d-tuple (ry,--,7,;) of elements of R, and R, = R for
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all «. R is also a ring with an involution by setting f*(a) = [ f(e)]* for all e e R.
Since for every component p[x]=01is satisfied by its symmetric elements—the same
will hold in R. So it follows that S, [ £}, f2a] € L(R) for every f, € R. Fixing
f1s-+*sf24> the element S,,[f;] belonging to the lower radical is nil—hence,
S, fi]" = 0. The way we choose the f; is that f; picks the i-th component of
a=(ry,,ry), i.e, fla)=r;. Thus S, fi]"(«) = Sailry, -+, r24]"=0. This
being true for all « means that S,,[x;, -+, X34]™ = 0 holds identically in R. Q.E.D.
We conclude with

REMARK B. The integer m such that S,,[x]™ =0 holds in R is bounded by
some integer depending on the identity p[x] and not on R. If this were not
the case one would have rings R, satisfying p=0 and S,,[x]" =0 with minimal
m; and m; < m, < ---. But then IIR; will satisfy p =0 and will not satisfy any
§%; = 0. Contradiction.
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